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Abstract A fundamental open question asking whether all real-valued strongly
quasiconvex functions defined on R™ are necessarily continuous, akin to their con-
vex counterparts, is answered in detail in this paper. Among other things, we show
that such functions can have infinitely many points of discontinuity. The failure of
lower semicontinuity together with the lack of upper semicontinuity at infinitely
many points of certain real-valued strongly quasiconvex functions are also shown.
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1 Introduction

An extended-real-valued function defined on a topological vector space is said to be
quasiconvex if its sublevel sets are convex. Being of great theoretical importance,
quasiconvex functions form an interesting class of generalized convex functions,
which has numerous practical applications; see, e.g., Penot [12] and the references
therein. Among other things, the survey [12] discussed dualities related to quasi-
convex functions, subdifferentials of quasiconvex functions, relationships between
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dualities and subdifferentials, subdifferential calculus, and applications. Concern-
ing continuity of quasiconvex functions, the fundamental result of Crouzeix [1] says
that a real-valued quasiconvex function on R" is almost everywhere Fréchet differ-
entiable, hence almost everywhere continuous. In an infinite-dimensional setting,
Rabier [14] gave necessary and sufficient conditions for a real-valued quasiconvex
function f on a Baire topological vector space X (in particular, Banach or Fréchet
space) to be continuous at the points of a residual subset of X. These conditions
involve topological properties of the sublevel sets of f. Recall [14, Section 2] that
a residual subset of X is the complement of a set of first category.

Note that not only continuity of quasiconvex functions has a significant role
but lower semicontinuity of quasiconvex functions also has a key role in optimiza-
tion theory. For instance, a proper lower semicontinuous quasiconvex function f
defined on a reflexive Banach space X attains a global minimum if it is coercive
in the sense that lim  f(z) = 400 (see [12, Proposition 2.1]). It follows that a
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proper lower semicontinuous quasiconvex function f defined on a reflexive Banach
space X attains a minimum on any bounded closed convex set having a nonempty
intersection with its effective domain (see [13, Corollary of Theorem 1]).

Many other fundamental results on continuity and differentiability of quasi-
convex functions can be found in the survey paper by Crouzeix [2]. For example,
by [2, Theorem 3.2] we know that a real-valued quasiconvex function f defined
on a normed space E is continuous (resp., lower semicontinuous, or upper semi-
continuous) at a point u € E if and only if, for any direction v € E, the function
t — f(u+ tv) with ¢ € R is continuous (resp., lower semicontinuous, or upper
semicontinuous) at 0. In the case E = R", if f is quasiconvex and Gateaux dif-
ferentiable at w, then it is Fréchet differentiable at u (see [2, Theorem 3.4]). Note
that not much about discontinuity of quasiconvex functions can be seen in [2].

The notion of strongly quasiconver function (see [3] and Sect. 2 below) is a
special case of the concept of uniformly quasiconvezr function given by Polyak [13,
p. 73], if one chooses the function §(7) = 72 for all 7 > 0 as the modulus of the
uniform quasiconvexity. First-order characterizations of the strong quasiconvexity
of differentiable functions on convex sets (see [7, Theorem 1] and note that the con-
dition z,y € C is missing there) follow from the results of Vladimirov et al. [16].
For twice differentiable functions, the corresponding second-order characteriza-
tions were given by Polyak [13, p. 73] (see also [7, Theorem 2]). The boundedness
of the sublevel sets of strongly quasiconvex functions, the strong quasiconvexity
of linear-quadratic functions, and the reduction of the strong quasiconvexity of
multivariable functions to that of univariable functions with an application to the
Euclidean norm were studied by Jovanovi¢ respectively in [6], [7], and [8].

Recently, Lara [10, Theorem 1] has showed that any extended-real-valued
strongly quasiconvex function f defined on R™ is 2-supercoercive, that is
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(in particular, f is coercive). This result improves Theorem 3 in [6] and leads to
the solution existence of optimization problems defined by lower semicontinuous
strongly quasiconvex functions in [10, Corollary 3]. The lower semicontinuity of



Discontinuous Strongly Quasiconvex Functions 3

strongly quasiconvex functions is also a crucial assumption of Lara’s convergence
theorem [10, Theorem 10] for the proximal point algorithm applied to strongly
quasiconvex optimization problems.

A series of new results on strong quasiconvexity of functions in infinite di-
mensions, including a remarkable theorem on optimal value functions, have been
obtained by Nam and Sharkansky [11].

Very recently, a comprehensive survey on strongly quasiconvex functions and
strongly quasiconvex optimization problems has been given by Grad et al. [3].
Among the five potential directions for subsequent research on strongly quasicon-
vex functions and the related optimization problems formulated by the authors, we
are particularly interested in the following one: “1. Theoretical investigations. The-
oretical exploration of strongly quasiconvex functions remains a promising area
of study. For instance, a fundamental open question is whether all real-valued
strongly quasiconvex functions defined on R" are necessarily continuous, akin to
their convex counterparts. This question arises because all known examples of such
functions (see Sect. 3.1) are continuous. Furthermore, identifying new strongly
quasiconvex functions with practical relevance could significantly enhance the un-
derstanding and applicability of this class of functions.” (see [3, p. 36]). For uni-
variable functions, the above fundamental open question has been solved in the
negative by Hang et al. [4] (see Sect. 3 below), as well as Nam and Sharkansky [11,
Examples 6.1 and 6.2].

Concerning the important remark “Theoretical exploration of strongly quasi-
convex functions remains a promising area of study” from [3], we observe that
the existing results on stability analysis of optimization problems (see, e.g., [17,
Section 4]) rely heavily on continuity and/or Lipschitz continuity of the involved
objective functions and constraint functions. So, the existence of various types of
discontinuous strongly quasiconvex functions may pose interesting and nontrivial
questions for stability analysis of the related optimization problems.

Note that strongly quasiconvex functions form a subclass of the class of quasi-
convex functions in which finding discontinuous functions with certain properties is
harder than finding discontinuous quasiconvex functions with the same properties.

This paper aims at presenting the results on discontinuous univariable strongly
quasiconvex functions from the manuscript [4] and proposing several types of dis-
continuous multivariable strongly quasiconvex functions. One of the obtained re-
sult says that for any n > 2, there exists a strongly quasiconvez function f: R™ — R,
which is discontinuous at infinitely many points. Since the lower semicontinuity of
strongly quasiconvex functions plays an important role in many issues, we will try
to understand to which extent a multivariable strongly quasiconvex function can
fail to be lower semicontinuous on the interior of its effective domain. The failure
of the upper semicontinuity of some kinds of multivariable strongly quasiconvex
functions is addressed as well.

The organization of the paper is as follows. In Sect. 2, we recall some definitions
and examples. Section 3 is devoted to discontinuous univariable strongly quasicon-
vex functions. Constructions of discontinuous multivariable strongly quasiconvex
functions are described in Sect. 4. Concluding remarks are given in Sect. 5.
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Although all the constructions and proofs of Sect. 4 are valid for functions
defined on Hilbert spaces, herein we prefer the traditional finite-dimensional set-
ting used in the majority of literature on quasiconvex analysis and quasiconvex
optimization to the infinite-dimensional setting.

2 Preliminaries

Let f : R™ — R, where R = RU{#00}, be an extended-real-valued function defined
on the Euclidean space R". The scalar product and the norm of the latter space are
denoted respectively by (.,.) and ||.||. We assume that f is proper, i.e., f(z) > —oo
for all x € R™ and there is some z € R” with f(z) € R. The effective domain of f
is the set

dom f:={z € R" | f(x) < o0}

(see [15, p. 5]). By definition, f is said to be strongly quasiconvez if there exists
v > 0 such that for any z,y € dom f and ¢ € (0,1) one has

F(1 = )2+ ty) < max{F(@), F(w)} — 57(1 = )l — yl1> ¢

From the definition and the assumptions made it follows that if f is strongly
quasiconvex, then dom f is a nonempty convex set. Indeed, for any z,y € dom f
and t € (0, 1), the inequality (1) implies that f((1—t)z+ty) < +oo. As f(z) > —o0
for all z € R", one must have f((1 —t)z + ty) € R. Thus, the entire line segment
[z,y] is contained in dom f.

Given a nonempty set 2 C R” and a function f : 2 — R, one can extend f
to a function f defined on R™ by setting f(:v) = f(z) for z € 2 and f(x) = +o0
for z € R™ \ 2. Clearly, f is proper and dom f = £2. In what follows, we have in
mind this canonical extension when dealing with a function defined on a nonempty
subset of R™. As usual, we say that f is lower semicontinuous (l.s.c.) at = € 2 if
for every € > 0 there is an open set U C R" containing z such that f(z) > f(z) —¢
forallz € 2NU. If z € 2 and for every € > 0 there is an open set U C R"
containing z such that f(z) < f(z) + ¢ for all z € 2N U, then we say that f is
upper semicontinuous (u.s.c.) at z. If f is both ls.c. and u.s.c. at € {2, then f is
said to be continuous at z. If f is l.s.c. (resp., u.s.c., or continuous) at every point
of 2, then f is called l.s.c. (resp., u.s.c., or continuous) on 2.

If (1) holds for all z, y from a convex set C C dom f and for all ¢ € (0,1), then we
say that f is strongly quasiconvexr on C with the modulus ~. In that case, f can have
at most one minimizer on C. This fact is well known (see, e.g., [10, Corollary 3])
and can be verified by using the inequality (1) and arguing by contradiction. Note
that the lower semicontinuity of f is not required in the argument.

Recall that a proper real-valued function f : R™” — R is said to be strongly
conver on a convex set C' C dom f if there exists v > 0 such that

A1~ t)z + 1) < (1= () +15) — 371~ )t — o)) 2)

for any z,y € dom f and ¢t € (0,1).
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Since (1 —t)f(z) + tf(y) < max{f(z),f(y)} for all z,y € C C dom f and
t € (0,1), the inequality (2) implies the one in (1). Hence, strong convexity of a
function on a convex set implies its strong quasiconvexity on that set. The reverse
implication is invalid.

Ezample 2.1 For f(z) := ||z||> = (z,z) for every z € R", where n > 1, it is easily
verified that

F(A =tz +ty) = (1 =) f(x) +tf(y) — (L= t)t|z —y|

for all z,y € R™ and ¢ € (0,1). So, f is strongly convex on R"™ with the modulus
v = 2.

Ezample 2.2 (See [10, Remark 18]) For every positive natural number %, the func-
tion f(z) := max {||m||1/2, ll||? — k} is strongly quasiconvex on R" without being
convex.

In the sequel, the interior, the closure, and the boundary of a set 2 C R" are
denoted respectively by int 2, 2, and bd 2. Recall that bd 2 = 2\ (int £2). The
closed unit ball in R™ is denoted by B, (0,1). The closed ball (resp., the open ball)
centered at Z € R™ with radius p > 0 is denoted by B(z, p) (resp., B(z, p)).

3 Univariable SQC Functions

It is well known that a convex function can have discontinuity at some boundary
points of its effective domain. Since a strongly quasiconvex function needs not to be
convex and vice versa, discontinuity of a SQC function f on the boundary points
of dom f deserves a careful investigation. The case of univariable SQC functions
is considered in the following proposition.

Proposition 3.1 For any a,b € R with a < b, there exists a strongly quasiconvez
function f : [a,b] — R which is continuous on the interval (a,b), but discontinuous at
both end-points a and b of the interval.

Proof To prove the proposition, let fo : [a,b] — R be a continuous, strongly convex
function (for example, fo(x) = z2). Since fy is strongly convex, there is 4 > 0 such
that

ol =D +1) < (1= )foe) + tho(w) — 33(1 — iz —y)>  (3)
for any z,y € [a,b] and ¢ € (0,1). Put M = max{fo(z) | = € [a,b]} and define

) = {f/)[(:r) for z € (a,b) (4)
+1 for z € {a,b}.

Take any z,y € [a,b] with < y and ¢t € (0, 1). To verify the inequality (1), consider

the situations: (i) =,y € (a,b); (ii) z = a and y € (a,b); (iii) = € (a,b) and y = b;

(iv) = a and y = b. If (i) occurs, then (3) implies (1) because by (4) we have

fo((L =)z +ty) = f((1 — t)z + ty) and

(1=t)fo(z) +tfoly) = (1 = ) f(x) + tf(y) < max{f(x), f(y)}-
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In situation (ii), by (4) and (3) one has
F((1 =1+ 1) = fo((1— t)a+ ty)
< (1= 0)fol@) + tfoly) — 5(1 ~ D)i(a )’
(L= )M +t£(y) — 57(1 — 1)t(a — y)?
max{f(a), f(5)} — 571~ )ia— y)?,

which justifies (1). Situation (iii) can be treated similarly. If (iv) happens, then it
follows from (4) and (3) that

F((L=t)a+th) = fo((1 - t)a+ tb)
< (1= 0)fo(a) + tfo(b) — 51(1 ~ t)t(a — b)?
< M~ 29(1— )i —b)?

< max{f(a), 75)} ~ 37(1 - t)t(a ).

IN

IN

Hence (1) is valid. Since

lim f(z) = fo(a) <M +1= f(a)

r—a
and lint f(z) = fo(b) < M+ 1 = f(b), the function f is discontinuous at both
r—r
end-points a and b of the interval (a,b). O

Remark 3.1 The above construction of a discontinuous SQC function applies when
the initial continuous function fo : [a,b] — R is strongly quasiconvex. Indeed, let
~ > 0 be such that

Fol(1 ~ ) + ty) < max{fo(@), fo(y)} — 37(1 — )i(x — y)* (5)

for any z,y € [a,b] and ¢ € (0,1). Define f by (4), where
M :=max{fo(z) | = € [a, ]},

and suppose that z,y € [a,b], z < y, and ¢t € (0,1) are given arbitrarily. If z,y €
(a,b), then (1) follows from (5), because f((1 — t)z + ty) = fo((1 — t)z + ty),
f(z) = fo(z), and f(y) = fo(y). If z = a and y € (a,b), then by (4) and (5) we get

F(A=t)a+ty) = fo((1—t)a+ty) .

< max{fo(z), fo(y)} — 57(1 = t)t(a - y)®

M = 2y(1 = B)(a— y)?

max{f(a), f(y)} — 5(1 - t)t(a — y)*.
Similarly, we can show that (1) holds for z € (a,b) and y = b. If z = a and y = b,
then (4) and (5) imply that
F((1 =t)a+1tb) = fo((1 —t)a+tb)
< max{fo(e), fo(y)} — 37(1 ~ H)t(a— b)?
M~ 23(1 ~ 1)i(a— b)’
max{f(a), f(0)} — 57(1 - t)t(a ~b)*.

IN

IN

IA

IA
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Thus, f is a SQC function, which is continuous on (a, b), but discontinuous at both
end-points of the interval.

Proposition 3.2 There exists a univariable strongly quasiconvex function which is
discontinuous at a point in the interior of its effective domain.

Proof Let fo : [0,1] — R be any continuous, strongly quasiconvex, increasing func-
tion (for example, fo(z) = 22). Choose v > 0 such that (5) holds for all z,y € [0, 1]
and ¢t € (0,1). Take any c € (0,1) and put

7)) — fo(z) =1 for z € [0,(]
/@) {fo(m) for z € (¢, 1]. (6)

Clearly, f is lower semicontinuous on [0,1], but discontinuous at c. Given any
x,y € [0,1] and ¢t € (0,1), we distinguish three cases: (i) z,y € [0, c]; (ii) z,y € (c, 1];
(iii) z € [0,¢] and y € (¢, 1]. In the first two cases, the fact that (1) follows from (5)
and (6) is obvious. Consider the third case. If (1 — ¢)z + ty € [0,c], then by (5)
and (6) we see that

SOt ) = ol =) <1
max{fo(x), fo(y)} — 57(1 = )t(x —y)* — 1

= max{fo(x) ~ 1, foly) 1} ~ 27(1 ~ )i(x — y)?
max{ (z), f()} — 3701~ Die — 1)’

IN

IN

thus (1) is valid. If (1 —¢)z +ty € (c, 1], then, again by (5), (6), and the increasing
property of fo and f, we have

foll =t +t)
max{fo(z), fo(y)} = 57(1 = )t(z —y)*
= fo(y) — %7(1 —t)t(z —y)?

= 1)~ 371~ )t(a — y)?

= max{ £(2), F()} ~ 371 D)z~ v)?,

(L =t)z +ty)

IN

which justifies (1).
We have shown that f is a SQC function with the modulus ~. O

Remark 3.2 The just described construction yields a strongly quasiconvex function,
which is upper semicontinuous on [0, 1], but discontinuous at ¢, if one puts

z) = fo(x) =1 for z€0,c)
fia) {fo(:v) for z € [, 1].

Proposition 3.3 There exists a univariable strongly quasiconvex function which is
discontinuous at infinitely many points in the interior of its effective domain.
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Proof To prove the proposition, it suffices to take any continuous, strongly quasi-
convex, increasing function fo : [0, 1] — R, which satisfies (5) for a constant vy > 0,
and define

[ folx) -1 for x =0
f) = fo(z) —1+27F1 forz e ((k+ D7LETH for k=1,2,....

Clearly, f is l.s.c. on [0,1], but discontinuous at the points k~! with k = 1,2,.....
The verification of (1) can be done similarly as the one given in the proof of
Proposition 3.2. O

4 Multivariable SQC Functions

Since the constructions given in Section 3 can be used just for univariable functions,
discontinuity of a multivariable SQC function on the boundary and interior of its
effective domain requires further clarification.

The following theorem reveals a possible discontinuity of multivariable SQC
functions on the boundaries of their effective domains.

Theorem 4.1 For any n > 2, there exists a strongly quasiconvex function f:C — R
with C C R being a closed and convex set with nonempty interior, which is continuous
on int C, but discontinuous at infinitely many points in bd C.

Proof Choose C' = By (0,1), where n > 2. Let fo(z) = ||z||? for all z € R™. As it has
been noted in Example 2.1, fo is strongly convex on R™ with the modulus v = 2.
Moreover, one has

Fo((L =)z +ty) = (1= ) fo(x) + tfoly) — (1 = t)tllw —y]* (7)

for all z,y € R™ and ¢ € (0, 1).
Let A be such a subset of bd C, that both A and bdC \ A are dense in the
relative topology (see [9, p. 51]) of bd C C R™ (for instance, one can take

A:{x:(ml,...,xn) ebdC | z; GQ})
Define

(8)

f(x):{fo(x) forzeC\ A
fo(z) +a forxe A,

where a > 0 is an arbitrary constant. Clearly, this function f : C' — R is continuous
on int C, u.s.c. on C, but discontinuous at every point in bd C. Note in addition
that fo(z) < f(x) for all z € C.

To show that f is strongly quasiconvex on C with the modulus v = 2, we take
any distinct points z,y € C and any value ¢ € (0,1). If both points z,y belong to
int C, then the inequality (1) with « := 2 is the consequence of (8) and the above-
mentioned strong convexity of fo. Now, suppose that z € int C and y € bd C. Since
F(1=t)z+ty) = fo((1 — t)z + ty) by (8), from (7) we can deduce that

F(A =tz +ty) = (1 —t)folx) +tfoly) — (1 —t)tllz—y?
< max {fo(z), fo(y)} — (1 = )tz — y? 9)
< max {f(z),f(y)} — (1 = t)t|z — y|*.
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Thus, (1) holds with v = 2. The analysis of the situation where y € intC' and
x € bd C is similar. Next, suppose that both points « and y belong to bd C. As

(I-t)z+tyeintC C C\ A,

one has f((1—t)z+ty) = fo((1—¢t)xz+ty). So, (7) assures that the estimates in (9)
are valid. Therefore, again we get (1) with v = 2.
The proof is complete. O

In connection with Proposition 3.2, a natural question arises: Whether there
exists a multivariable strongly quasiconvex function which is discontinuous at a point
in the interior of its effective domain, or not?

To solve the above question, one cannot apply the construction of an increasing
univariable strongly quasiconvex function used for proving Proposition 3.2. The
next theorem deals with the question by using another construction.

Theorem 4.2 For anyn > 2, there ewists a strongly quasiconvez function f : R™ — R,
which is discontinuous at a point ¢ € R™, but continuous on the set R™ \ {c}.

Proof Let fo(z) = ||lz||* for all x € R™. As it has been noted before, from (7) we
have

Fo((1 = t)z + ty) < max {fo(x), fo(y) } — (1~ t)t]lz —y|* (10)

for all z,y € R™ and ¢ € (0,1).
Put
f(x):{fo(m) forx #£0 (1)

—a for x =0,

where a > 0 can be chosen arbitrarily. Clearly, f is continuous on the set R™\ {0},
Ls.c. at 0, but not u.s.c. at 0.

To show that f is strongly quasiconvex on R", we pick any distinct points
z,y € R™ and a value t € (0,1). If 0 ¢ {z, y, (1 — t)x + ty}, then by (11) we have

f(@) = fo(x), f(y) = foly), f((A—-t)z+ty) = fo((1 —t)z +ty).
Hence, (10) implies (1) with v := 2. If z = 0, then combining (11) with (10) yields
F((L =tz +ty) = fo((1 —t)z + ty)
max gfo(w), fow)} — (1 = t)tf|lz —y|?
max {0, f(y)} — (1 = t)t[|lz — |
= fly) = (1= )t]e —y?
= max {f(2), f(y) } — (1 = t)tllz — y|*.

Therefore, (1) holds with v = 2. The case y = 0 can be considered in a similar
way. If (1 —¢)z + ty = 0, then

A

f((L=t)z+ty) = —a < fo(0) = fo((1 - t)z + ty).

Therefore, by (10) and (11) we can infer that (1) holds with v = 2.
We have thus proved that f is strongly quasiconvex on R" with the modulus
v =2. O
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Remark 4.1 The construction of the discontinuous SQC function and arguments
in the proof of Theorem 4.2 apply well to the situation where fo : C — R is a
continuous function defined on a convex set C' C R", provided that int C' # @ and
f attains its global minimum on C at a point ¢ € int C. To be more precise, instead
of (11), the desired function f: C — R is given by

f(x){fo(x) for z € C'\ {c}

fole) —a forz=c,

where a > 0 is an arbitrarily chosen constant. This function f is strongly quasi-
convex on C, continuous on the set C'\ {c¢}, Ls.c. at ¢, but not u.s.c. at c.

Looking back to Proposition 3.3, one may ask: Is it possible to construct a multi-
variable strongly quasiconvex function which is discontinuous at infinitely many points
in the interior of its effective domain?

Using an idea quite different from that one for proving Theorem 4.2, we will
solve the above question in the affirmative.

Theorem 4.3 For anyn > 2, there exists a strongly quasiconvex function f : R™ — R,
which is discontinuous at infinitely many points.

Proof Suppose that n > 2. As in the proof of Theorem 4.2, we consider the function
fo(z) = ||z||?, = € R™. Let p and 8 be two arbitrarily chosen positive constants.
Define

(12)

fo(z) + 8 if ||lz|]| > p.

It is easy to see that the just defined function g : R™ — R is continuous on the set
{z e R™ | ||z # p} and l.s.c. at every point belonging to

D:={zeR"|||z| = p}. (13)

It is also clear that g is not u.s.c. at every point in D. Thus, in particular, g is
discontinuous at every point in D.

Our function g is SQC on R". Indeed, for any distinct points x,y € R™ and any
value t € (0,1), by swapping the roles of z and y (if necessary) we see that there
are the following four cases:

(i) llzl < p and |lyll < p;

(ii) [lz]l > p and [ly|| > p;

(iii) [Jz]| = p and |ly[| > p;

(iv) [lz]| < p and [ly|| > p.

Let h(z) = fo(z) + 8 = ||z||*> + B for € R™. Since the function h : R" — R is
strongly convex on R" with the modulus v = 2, one has

(1 = t)a +ty) < max {h(z),h(y)}) - (1 - )tllz - y|* (14)
for all z,y € R™ and ¢ € (0,1). To shorten some subsequent writings, put

2zt = (1—t)z + ty.
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If the case (i) occurs, then from (10) and (12) we get

g(z) < max {g(x),g(y)} — (1 — t)t]z — y||>. (15)

In the case (ii), if ||z¢|]| > p, then combining (12) and (14) yields (15). If || z¢|| < p,
then from (10) and (12) we have

g(2t) = fo(we)

max { fo(z), fo(y)} — (1 — t)t|lz — y|°
max {h(z), h(y) } — (1 — t)t[|lz — y[|> — 8

= max {g(x),g(y)} — (1 = t)t[lz — y[|* — 8.

A

This implies (15).
If the case (iii) takes place, then either ||z¢]] > p or ||z¢|| < p. Assuming that
lz¢]l > p, from (12) and (14) we can deduce that

g(2t) = h(zt)

max {h(z), h(y)} — (1 — t)t[|z — y[?
= h(y) — (1 = t)tflz — y|?

=g(y) — (A —t)t|z —y|?

=max {g(z),g(y)} — (1 = t)t]|lz — y|*.

Thus, the inequality (15) holds true. Now, supposing that ||z¢|| < p, combining (12)
with (10) we get

IN

g(2t) = fo(zt)
max gfc)(l’)? fo)} — (1 =t)tflz —y|?
max {g(z),g(y) } — (1 — t)t[|z — y[|*.

So, again the relation (15) is valid.
Finally, consider the case (iv). Since g(z:) < h(z:) by (12), thanks to (14) we
have

VANRYAN

< h(zt)

< max {h(z),h(y)} — (1 = t)t[|lz — y||?
= h(y) — (1 = t)tf|lz — y|?

=g(y) — (1= t)t|z —y|?

= max {g(x),9(y)} — (1 = t)t[lz — yl|?,

where the last equality is valid because ||z| < p and ||y|| > p.

Summing up all the above, we can conclude that g is strongly quasiconvex on
R"™ with the modulus v = 2. O

9(zt)

Remark 4.2 The strongly quasiconvex function g obtained in the proof of Theo-
rem 4.3 is 1.s.c. on R". Slightly modifying the formula of g, one can get a strongly
quasiconvex function which is u.s.c. on the whole space R"™, but it is not l.s.c. at
every point from the sphere D given by (13). To do so, it suffices to put

e <,
oo {fo(ﬂc)+ﬁ if Jlaf| > p. (16)

To show that this function is strongly quasiconvex on R" with the modulus v = 2,
one can apply the arguments similar to those of the preceding proof. To be more
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precise, given any distinct points z,y € R™ and a value ¢ € (0,1), by swapping the
roles of x and y (if necessary) we have the following four cases:

(@) [lzll < p and [ly|| < p;

(i) [l2]l > p and [ly]| > p:

(ii") [lz]l < p and [ly|| = p;

(iv') llzll < p and [ly]l > p.

Using (16) and the auxiliary function h introduced in the proof of Theorem 4.3,
we can analyze the cases (i’)—(iv’) by the arguments quite similar to those of that
proof.

Combining the constructions of the discontinuous multivariable SQC functions
described by the formulas (12) and (16), we can obtain the following result.

Theorem 4.4 For anyn > 2, there exists a strongly quasiconvex function f : R™ — R,
which is lower semicontinuous but not upper semicontinuous at infinitely many points,
as well as upper semicontinuous but not lower semicontinuous at infinitely many points.

Proof Fix any n > 2. Let fo, p >0, 8> 0, D, and h be the same as in the proof of
Theorem 4.3. Put 20 = B(0, p), 21 = R™\ B(0, p),

Do ={z=(z1,...,2n) € D |21 € Q},

and D1 = D\ Dg. Note that Dy and D; are dense subsets of D in the relative
topology of D ¢ R™. Consider the function
fo(z for z € 29 U Dy
g(a) = {0 (17)
fo(z)+ B forxze 2, UD;.

This function g is continuous on the set 29U {21, l.s.c. but not u.s.c. at every point
of Dg, while u.s.c. but not l.s.c. at every point of D;. Indeed, since the function
fo(z) = ||z||? is continuous on R"™, 2y and Dy are disjoint open sets, g(z) = fo(z) for
x € 20 and g(z) = fo(z) + B for = € 21, the first assertion is obvious. Now, fix any
T € Do (resp., any & € D7) and let ¢ € (0, 3) be given arbitrarily. By the continuity
of fo, there is an open set U C R"™ containing z such that fo(z) — e < fo(z) for
all z € U (resp., an open set V C R™ containing & such that fo(z) < fo(#) + ¢ for
all z € V). Then, from (17) it follows that g(z) — e < g(z) for all x € U (resp.,
g(z) < g(z) 4 ¢ for all z € V). So, g is l.s.c. at every point of Dg (resp., g is u.s.c.
at every point of D1). If g is u.s.c. at z, then we would find an open set UcCR»
containing Z such that g(z) < g(z) + ¢ for all z € U. Then, we select a sequence
{«*} € 21 converging to Z and use (17) to get

fola®) + 8= g(z") < g(&) +¢ = fo(a) +¢

for all k large enough. Passing the inequality fo(z*) + 8 < fo(Z) + ¢ to the limit
as k — oo, we can deduce that 8 < e, a contradiction. Thus, g is not u.s.c. at
every point of Dg. The fact that g is not l.s.c. at £ € D; can be justified by a
similar argument, if one argues by contradiction and selects a sequence {xk }C 2
converging to z.

To complete the proof, it remains to show that g is is strongly quasiconvex
on R".
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Let two distinct points z,y € R™ and a value ¢ € (0,1) be given arbitrarily. Set
2zt = (1—1t)z + ty.

If z,y € 20 U Do, then 2z € 2. Hence, in accordance with (17), one has
9(2) = fo(@), 9(u) = foly), and g(z¢) = fo(=). So, using (10) gives (15).

If z,y € 21 U D1, then ||z|| > p and ||y|| > p. By swapping the roles of z and y
(if necessary), we may assume that ||z|| < ||y||. Hence, h(z) < h(y). If 2; € £20U Do,
then combining (17) with (14) yields

g(zt) = fo(zt)

o () 0} (1= e — ]

max {h(z),h(y)} — (1 = t)t|z — y|?

= h(y) — (1 —t)t||z — y||2 (18)
=g(y) — (L= t)t)|z — y|?

= max {g(m)’g(y)} - (1 - t)tHa: - yHQ-

So, the inequality (15) is valid. If z; € £2; U D1, then by (17) and (14) we have

g(2t) = h(zt)

max {h(z), h(y)} — (1 — t)t[|z — y[*

=h(y) — 1 —t)t]lz —yl? (19)
=g(y) — (1 —t)t|z —y|?

= max {g(z),g(y)} — (1 — t)tl|lz — y||*.

INIA

IN

This establishes (15).

Finally, let us consider the situation one of the points x or y is contained in
20U Do and another point is contained in 21 U D;. By swapping the roles of z and
y (if necessary), we may assume that = € 2o U Dy and y € 21 U D1. Then we have
lz]] < p <|ly||. This implies that h(z) < h(y). Therefore, if z; € 2o U Do then the
estimates (18) are valid, and if z; € 21 U D1 then the estimates (19) hold true. So,
in any case, the inequality (15) takes place.

Thus, we have shown that the function g given by (17) is strongly quasiconvex
on R™ with the modulus v = 2. O

Remark 4.8 A careful analysis of the last two proofs and of Remark 4.2 tells us
that all the arguments used there remain effective if instead of the strongly convex
function fo(x) = ||z||> we consider any continuous SQC function fo : R — R
having the property fo(z) < fo(y) for all z,y € R™ with ||z|| < |ly|| (note that all
the functions discussed in Example 2.2 fulfill the required conditions). Of course,
the inequality (15) then becomes

1
9(=1) < max {g(2),9(y)} — 57(1 = D)tllz —y]*,
if the new function fq is strongly quasiconvex on R™ with a modulus v > 0.

Remark 4./ Since one usually considers SQC functions with bounded effective do-
mains, the following modifications of the formulas for discontinuous multivariable
SQC functions used in the proof of Theorem 4.3, Remark 4.2, and the proof of
Theorem 4.4, is of interest.

Let n > 2. Take any bounded convex set C C R™ such that (intC) N D # 0,
where D is defined by (13).
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For the function g given by (12), the modified function g; : R™ — R is defined
by setting g1 (z) = g(z) for all z € C and g1 (x) = 400 for all z ¢ C. From the proof
of Theorem 4.3 it follows that g; is strongly quasiconvex with the modulus v = 2,
l.s.c. at every point in C'N D, but not u.s.c. at every point in (int C) N D. Thus, g1
is discontinuous at infinitely many points in the interior of its effective domain.

Now, consider the function g given by (16) and put g2(x) = g(z) for all z € C
and g2(x) = +oo for all x ¢ C. The analysis given in Remark 4.2 shows that the
function go : R® — R is strongly quasiconvex with the modulus v = 2, u.s.c. at
every point in (int C') N D, but not lLs.c. at every point in (int C') N D. So, g2 is
discontinuous at infinitely many points in the interior of its effective domain.

Finally, to modify the function g given by (17), define g3(z) = g(z) for allz € C
and g3(z) = 4oo for all z ¢ C. From the proof of Theorem 4.3 it is clear that the
function g3 : R"” — R is strongly quasiconvex with the modulus v = 2, continuous
on the set (int C)N(£20U21), Ls.c. but not u.s.c. at every point of (int C)N Do, while
u.s.c. but not L.s.c. at every point of (int C') N D;. Therefore, g3 is discontinuous at
infinitely many points in the interior of its effective domain.

The next simple proposition allows us to apply invertible affine transformations
to all the discontinuous SQC functions mentioned in this section to have many
other discontinuous SQC functions, whose effective domains are of various shapes
and located at different places in the Euclidean spaces under consideration.

Proposition 4.1 Let C C R" be a convex set, f : C — R a strongly quasiconvex
function with a modulus v > 0. Suppose that A : R™ — R™ s an invertible linear
operator and b € R™. Then, the formula g(z) = f(A™"(z — b)), where z € A(C) + b,
gives a strongly quasiconvex function defined on the convezr set A(C) + b.

Proof Consider the constant 8 := min {|[A™"(v)|| | v € R”, |jv|| = 1}, which is equal
to the minimum modulus of the linear operator A~ : R™ — R™ (see [5, pp. 404
405]). Clearly, 3 > 0 and one has ||[A~*(v)| > B]|jv| for all v € R"™. Hence, for every
v € R™, it holds that

—lAT @) < =Blv]*. (20)

Let z,w € A(C)+b and t € (0,1) be given arbitrarily. Set + = A~!(z — b) and
y = A~ (w — b). Using the strong quasiconvexity of f and the inequality (20), we
have

g(1—t)z+tw) = f (A (1 =)z + tw — b))

F(A=t) A (z—b) +tA H(w - b))

f((1 =)z +ty)

max{f(z), f(y)} — $7(1 — t)t|lz — y|°

max{g(z), g(w)} — 3v(1 =)t A~ (z = b) = A~ (w - b)|?
max{g(z), g(w)} — 37(1L = )| A" (z — w)|?

max{g(z), g(w)} — $78%(1 — t)t[|z — w|*.

We have thus shown that the function g, which is defined on A(C) + b, is strongly
quasiconvex with the modulus ~v32. O

INIA I IA

Observe that the discontinuity phenomena presented in this section are tied to
specific constructions. However, given a continuous strongly quasiconvex function
f:C — R, where C C R" is a compact convex set with nonempty interior, we see
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that the sum h := f + eg with g : C — R being a discontinuous strongly quasi-
convex function (such functions g can be constructed by using Theorems 4.1-4.4
and Proposition 4.1) and e > 0 is as small as needed, is a discontinuous function.
Clearly, h is either a discontinuous strongly quasiconvex function, or a discontin-
uous function which is not strongly quasiconvex. Thus, a small perturbation of a
good strongly quasiconvex function can yield a very bad function.

5 Conclusions

To answer in detail the important open question from [3, p. 36], several construc-
tions for building discontinuous strongly quasiconvex functions have been given in
this paper.

The existence of real-valued strongly quasiconvex functions, which are lower
semicontinuous but not upper semicontinuous at infinitely many points, as well as
upper semicontinuous but not lower semicontinuous at infinitely many points has
been proved.

All the obtained discontinuous strongly quasiconvex functions come in full
agreement with the classical result of Crouzeix [1] saying that a real-valued qua-
siconvex function on R" is almost everywhere Fréchet differentiable, hence almost
everywhere continuous.

The constructions and proofs of Sect. 4 can yield discontinuous strongly qua-
siconvex functions defined on Hilbert spaces.

The solution existence, the stability analysis, and the convergence of solu-
tion algorithms for strongly quasiconvex optimization problems depend greatly on
lower semicontinuity, continuity and/or the Lipschitz continuity of the functions
involved. Hence, if one of those functions is discontinuous, one may not have the
desired result.

It is difficult to find conditions that ensure (lower or upper) semicontinuity
of strongly quasiconvex functions (except for considering functions with inherent
continuity, such as quadratic functions, polynomial functions, rational functions,
etc.). As a result, explicitly preventing loss of continuity seems impossible.
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